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Abstract

Stability of a simple two-species system is investigated. This model assumes that the kind of inter-specific interactions is not fixed, and
that it depends on the system state, i.e., undergoes transitions between different population interactions due to variation in population
densities. The main goal is to show the effects of the transitions between different population interactions on the two-species coexistence,

and on the stability conditions of multiple equilibria.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

As pointed out by Murray (1993), for inter-specific
interactions, there are three main types, i.e., host—parasite
(or predator—prey), competition, and mutualism (or symbio-
sis). The classical two-species Lotka—Volterra equation pro-
vides a basic model to understand inter-specific interactions. In
general, the standard two-species Lotka—Volterra equation is
given by

dN
d—tl = Ni(f, — a1t N1 — a2N»),
dN
d—t2 = Ny(fy — 021 N1 — 0 N»),

where V| and N, denote the population densities of species 1
and species 2, respectively, and the parameters o, and oy, are
the coefficients of inter-specific interactions, i.e., if both o and
op; are positive then the populations are in a competition
situation; if both a1, and «y| are negative then the populations
are in a mutualism (or symbiosis) situation; and if o, is
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positive and oy negative, or o, is negative and oy, positive,
then the populations are in a predator—prey situation.
Hernandez (1998) pointed out that the theoretical
models about the populations showing one kind of
interaction at one moment of time and then switching to
another, i.e., undergoing transitions between different
interactions, are very rare. But in nature this occurs often.
Hernandez (1998) reviewed also some interesting instances
for this phenomenon. Gibert (1983) showed that at low
densities, interactions between Mullerian mimics are
mutualistic as they facilitate the training of predators in
recognizing unpalatable prey, and that at high densities
they become competitors because they share resources. The
interactions between some ant and aphid species can be
beneficial at low aphid densities, but either detrimental or
just neutral as this density increases (Addicott, 1979;
Cushman and Addicott, 1991). Wahl and Hay (1995)
investigated the epibiotic associations between host sea-
weed and some plant and animal epibionts, and showed
that associations included both positive and negative
effects. The outcome, ‘associated resistance’ or ‘shared
doom’, was highly influenced by the relative densities of the
species involved. Phillips et al. (1995) reported that
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seaweed flies, Coelopa frigida and C. pilipes, can interact
either as competitors or as amensalists, etc.

Hernandez (1998) developed a theoretical model to study
the stability properties of a two-species system that
undergoes transitions between different population inter-
actions. In this model, the inter-specific interaction is
defined as a nonlinear function, called the o«-function.
Recently, Zhang (2003) presented a similar model to
explain the effect of mutualism on coexistence among the
competitors. In fact, there are many theoretical models for
the inter-specific interactions that are mostly based on the
modified Lotka—Volterra equations (May, 1981; Gillman
and Hails, 1997). Addicott (1981) and Wolin and Lawor
(1984) considered the variation in the outcome of the inter-
specific interaction. Addicott (1981) compared three
different mutualistic models, and studied the stability
properties after perturbations on the equilibrium. Wolin
and Lawor (1984) investigated the density-dependent
effects on mutualistic interaction. It is different from the
models that are concerned mainly with only one kind of
inter-specific interaction, Hernandez’s (1998) model as-
sumes that the inter-specific relationship depends on the
system state, i.e., the inter-specific interaction coefficients
o7 (i#)) in the Lotka—Volterra equations are reinterpreted
as nonlinear functions of population densities modulated
by environmental parameters, which offer the possibility of
a change in sign of «; due to the variation in population
densities. Using a graphical stability analysis, Hernandez’s
(1998) results show that multiple equilibria are possible.
Zhang (2003) considered a theoretical model that is based
on the classical Lotka—Volterra competition model, where
he assumed that the interaction of one species to the other
is flexible instead of always negative. Similarly to
Hernandez (1998), Zhang (2003) used also the graphical
stability analysis to emphasize that mutualism or coopera-
tion among competitors promotes coexistence and compe-
titive ability. Recently, Neuhauser and Fargione (2004)
considered interactions between a symbiont and its host in
the framework of the familiar Lotka—Volterra predator—
prey model, modified to allow the symbiont to benefit the
host. This model includes both benefits and costs to the
interaction and spans the mutualism—parasitism conti-
nuum. Neuhauser and Fargione (2004) used this model
to explore the shift from mutualism to parasitism in
plant—mycorrhizae interactions across gradients of soil
fertility.

In this paper, following Hernandez (1998) and Zhang
(2003), a simple two-species system based on the classical
Lotka—Volterra competition model is investigated. In this
model, we assume that transitions between different
population interactions are possible due to variation in
population densities. We mainly focus our attention on the
dynamical stability of the system in general, and we
provide a complete stability analysis. Our main goal is to
show the effects of transitions between different population
interactions on the two-species coexistence, and on the
stability of multiple equilibria.

2. Model and analysis
2.1. Basic model

Let us consider a simple two-species system,

dx
T x(r — kx4 (a — cy)y),
% = (R — Ky + (b — dx)x), (1)

where x(7) and y(¢#) denote the population densities of
species 1 and species 2 at time ¢, respectively; the
parameters r and R are the intrinsic growth rates of species
1 and species 2, respectively; k and K the coefficients of
intra-specific competition of species | and species 2,
respectively; and the term a — cy represents the inter-
specific interaction of species 2 to species 1; similarly, the
term b — dx the inter-specific interaction of species 1 to
species 2. We also assume that the parameters a—d are
non-negative, i.e., a, b, ¢,d >0. This implies that mutualism
will happen at low density, but competition will happen at
high density (Wolin and Lawor, 1984; Hernandez, 1998;
Zhang, 2003).

Biologically, similarly to Hernandez (1998) and Zhang
(2003), Eq. (1) is an expansion of the classic Lotka—Volterra
competition equation, and we assume that both intrinsic
growth rates R and r are positive, i.e., Eq. (1) can be not
used to represent exactly a real prey—predator system. In this
model, the kind of inter-specific interaction is assumed to be
not fixed, and it depends on the system state (system state-
dependent), i.e., the term a — ¢y is positive if y<¢ and
negative if y>¢; and the term b — dx is positive if x<§ and
negative if x>§. Three possible situations for the inter-
specific relationship can be shown easily on the x—y phase
plane (see Fig. 1), where the inter-specific relationship is
called competition if y>¢ and x>§, denoted by “(—,—);
mutualism if y<¢ and x<2, denoted by “(+,+)”; and
host—parasite (prey—predator) if y <4 and x>§, denoted by
“(+,—)", orif >4 and x<%, denoted by “(—,+)”.

x=b/d
(—,+> (—,—)
Part 3 Part 1
y=alc
(+,+> (+,—)
Part 4 Part 2
x-y plane

Fig. 1. Four possible kinds of population interactions are shown on the
x—y phase plane.
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As mentioned in Section 1, a similar model was
developed by Hernandez (1998), where the inter-specific
interaction is defined as a nonlinear function of the system
state, called the o-function. Recently, Zhang (2003) used
also a similar model to emphasize the effects of mutualism
or cooperation among the competitors on the coexistence
and competitive ability. But, it is necessary to point out
that both Hernandez’s (1998) and Zhang’s (2003) results
are based only on a graphic stability analysis.

2.2. Boundary equilibria

It is easy to see that in Eq. (1) three possible boundary
equilibria are (0,0), (7,0) and (O,%), respectively, where
(0,0) is called the trivial boundary.

Theorem 1. For the stabilities of the boundary equilibria in
Eq. (1): (1) the trivial boundary equilibrium (0,0) must be
unstable; (ii) the boundary equilibrium (f,0) is locally
asymptotically stable if and only if R+ (b— %)<0;
and, similarly, (ii1) the boundary equilibrium (0,%) is locally
asymptotically stable if and only if r + %(a — %)<().

Proof. (i) Note that the Jacobian matrix of Eq. (1) about
(0,0) is (; %) with positive eigenvalues r and R. Thus, the
trivial boundary equilibrium (0,0) must be unstable. (ii)
The Jacobian matrix of Eq. (1) about the boundary
equilibrium (7, 0) is

ra

3

rd
0 k(b _?>

with eigenvalues —r and R+ (b — ) Obviously, if
R+Hb—")>0, then (4£,0) must be unstable and if the
inequality is reversed, then (,’(,O) is stable. On the other
hand, for the situation with R+ (b — %’) = 0, the bound-
ary equilibrium (z, 0) is unstable (see Appendix A). (iii) For
the stability of the boundary equilibrium (0,%), the proof is
similar to (i)). O

—r

The stability conditions for the non-trivial boundary
equilibria provide a basic insight for the two-species
coexistence, i.e., if both the boundary equilibria (7, 0) and
(O,%) are unstable, then the coexistence will be always
possible when the initial values of x(¢) and y(z), denoted by
X0 and y,, are positive, i.e., xo>0 and y,>0.

2.3. Interior equilibria

Clearly, an interior equilibrium of Eq. (1), denoted by
(x*,y*) with x*>0 and y*>0, is the solution of the
equations
r—kx+(a—cy)y=0,

R—Ky+(b—dx)x=0. 2)
On the x—y phase plane, the curve determined by the
equation r — kx+ (a —cy)y =0 is the zero isocline for

dx/dt = 0, denoted by L,, and the curve determined by the
equation R— Ky+ (b —dx)x =0 the zero isoline for
dy/dt = 0, denoted by L,. For convenience, the slopes of
two zero isoclines L; dnd L, at dn interior equilibrium
(x*,y*) are denoted by axeh) and 4 respectively, i.e.,

da (L*)’
dy k
dxas — a—2cy*’
dy b — 2dx*
n = Kk 3)
X(L%) K
According to the signs of & o and ¢ dY(L*), three possible

types of the interior equilibria are defined.

Definition. (i) (x*,)*) is a competitive equilibrium, denoted

by CP, if dA(L*) <0and ¥ axws) <0; (i1) (x*, y*) is a mutualistic

equilibrium, denoted by MP, if g{(L* >0 and ¥ d\(L* >0; and
(iii) (x*,y*) is a host—parasite (predator—prey) equlhbrium,

denoted by HP, if 4 o (L* >0 and ¢ <0, or if & L <0

d (L* dx(

and & )/0 (see Fig. 2a—).

dvc(L*

Notice that for the curve L; the solutions of the equation
r+(a—cy)y =0 are

1

y = Z(a—i— Va* +4er)>0,
1

= % (a— Va*+4er) <0,

and the point (x;,y;) with x; = k(r+ ) and y, =
corresponds to the maximum of the parabola

_rta—apy _

B r—kx+(a—cy)y=0.

Similarly, for the curve L, the solutions of equation R+
(b—dx)x =0 are

X = %(b+\/b2+4dR)>O,
X = %(b— Vb* + 4dR) <0,

and the point (x,,y,) with x; = ﬂ and y, =
corresponds to the maximum of the parabola

K(R —I—

_ R+ (b—dx)x

e < R-—Ky+(b—-dx)x=0

This implies that at most three interior equilibria can
exist in Eq. (1), i.e., if ¥'>7 and y >£ then at least one,
and at most three 1nter10r equlllbrla exist; if x'<7 and
y' <& then there must be a unique interior equilibrium;
and if x'>7 and y' <&, or x'<Z and y’ > =&, then there is no
interior equilibrium, or there are one or two interior
equilibria. From theorem 1, the boundary equilibrium (z, 0)
is locally asymptotically stable if and only if 7<x’; the
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Fig. 2. Three types of interior equlllbl’ld are defined: (d) for & IH) <0 and
1

dY(L,,)<O the interior equilibrium is CP; (b) for 4 dY(L* >0 and ¢ d"(L* >0, the

interior equilibrium is MP; and (c) for & d\ <0 and ¢ d\(u >0, or d.\(L* >0 and T(L* <0, the interior equilibrium is HP.

boundary equilibrium (0, %) is locally asymptotically stable
if and only if R< y'. On the other hand, from Eq (3), we
<0 if

know also that &

X >0 if y* <y (=) and &

dx r(L*)

y*>y,, and that & >0 if x* <x2(_2l) and ¢ = (L* <0 if

ax(L3)
x*>x,. We will show that this result provides a basic
relationship between the position of an interior equilibrium
(x*,»*) and its stability.

In order to determine analytically the existence of an
interior equilibrium, let

b . a

A

f=x-oo, P=y-5 “4)
Then, Eq. (2) can be expressed equivalently as
$p gty =0, (5)
where

2K RV
P="q 2c K~ 4dK)’

K%k

= —5 >0,
1 cd?
L b r & n ¢cf{a R b ? ©)
P=A\2d "k " ack) Tk \2¢ T K T 4dK

Let X;, X, X3 and X4 denote the four possible roots of
Eq. (5). Then, we must have Z?:l X =0 and H?:l Xi=7.
Eq. (10) can be factorized as

F +a X +b)E 4wk +b) =0, (7)

where a; +a; =0, ayay+by+by=p, ab, +ab, =q,
and b1by =, i.e.,

a2: _ala
1 q

b1: E(p—}_a%_a_])’
1

bzz-(p+af+i) (8)
2 a)

and
a§ + 2pal + (p* — 4)at — ¢* = 0. (9)

It is easy to see that Eq. (9) has at least two real roots about
a. Let o = a} +%. Then, Eq. (9) can be rewritten as

o+ po+ g =0, (10)
where
1
s_ Lo,
P = 317 Vs
2 8
- _ = _ 11
q= 271) +t3p7 7. (11)
Eq. (10) has three roots, denoted by o, a; and a3 with
- 2, 2P
o = (X1 + X2) +?,
- 2, 2P
oy = (X1 + X3) +t5
R . 2
o3 = (%1 + %) +?p-

Clearly, Eq. (10) has one real root if 4>0; it has two
different real roots if 4 = 0; and it has three different real
roots if 4<0, where

q 2 ]3 3
A:(E) +<§). (12)

This implies that Eq. (5) has at most two real roots if 4>0;
it has one or three real roots if 4 = 0; and it has no real
root or four real roots if 4<0. Thus, for the existence of
interior equilibria in Eq. (1), we have the following result:

Result 1. (i) For 4>0, there is one interior equilibrium if
both boundary equilibria (7, 0) and (0,%) are unstable (see
Fig. 3d-f), or no interior equilibrium can exist if either (z, 0)
or (0, %) is stable but the other unstable; (ii) for 4 = 0, there
are two interior equilibria if both (7,0) and (0,%) are
unstable (see Fig. 4c, d), or there is one interior equilibrium
if either (7, 0) or (0,%) is stable but the other unstable (see
Fig. 3b, ¢), or no interior equilibrium can exist if both (z, 0)
and (0,%) are stable; and (iii)) for 4<0, there are three
interior equilibria if both (,0) and (0,%) are unstable (see
Fig. 5), or there are two interior equilibria if either (z,0) or
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Fig. 3. The situation with only one interior equilibrium: (a)~(c) for £>x’ and %>y’, or z>x" and §<y’, or z<x" and §>y’, the interior equilibrium is an
unstable CP. (d)—(f); for ;<x’" and §<y/, the interior equilibrium is a stable HP, or CP, or MP.
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Fig. 4. The situation with two interior equilibria: (a)~(d) for ;>x" and
R<y, or £<x' and 2>y, or £<x' and £<y/, one of the two interior
equilibria is a stable HP, and other a unstable CP.

(O,%) is stable but the other unstable (see Fig. 4a, b), or
there is one interior equilibrium if both (z,0) and (0,%) are
stable (see Fig. 3a).

For the local asymptotic stability of an interior
equilibrium (x*,y*), and the existence of the periodic
solutions, we have the following two theorems:

Theorem 2. An interior equilibrium of Eq. (1), (x*,y%), is
locally asymptotically stable if and only if

-1
dx( LY dX(Lg)

Proof. The Jacobian matrix of Eq. (1) about an interior
equilibrium (x*, y*), denoted by J, is given by

—kx* x*(a — 2¢y%)
- ( yH(b — 2dx*) )

(13)

d ~1
—kx* kx* &
3 dX(L’l‘) 14)
dy .
*_ _K 3k
dX(Lﬁ) Y

Since the eigenvalues of the Jacobian matrix J are

— (kx* + Ky*)

—1
dy dy
+ |(kx* + Ky*)? — 4kKx*y | 1 — [ = -
(kx* 4+ Ky*) X"y ( (dX(LT)> dx(L;)>

1
)»,]’2 == 5

(15)
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Fig. 5. The situation with three interior equilibria. Two of the interior

equilibria are stable HPs, and other one an unstable CP.

the interior equilibrium (x*, y*) is locally asymptotically
stable if

~1

dy dy

- -  <1. 16
(dxap) dx(Lp (16)
For the situation with

dy ) d

Y y

hcdl RCAR | 17
(dxwp) dxx) ’ a7

i.e., one of the eigenvalues of the Jacobian matrix J is zero
and the other one negative, the interior equilibrium (x*, y*)
must be unstable (see Appendix B). [

Theorem 3. For the dynamics given by Eq. (1), the existence
of periodic solutions is impossible.

Proof. Let {/(x,y) = ﬁ, which is called the Dulac function.
Notice that

6(¢P)+M__lf_§<
Ox v oy X

0 (18)
for all possible x>0 and y>0, where P = % and Q = %.
Thus, from the Bendixson-Dulac theorem, no periodic
solutions can exist in Eq. (1). O

Theorem 3 implies that if there is only one interior
equilibrium in Eq. (1) and it is locally asymptotically
stable, then it must be globally asymptotically stable. It is
necessary to point out that if more than one interior
equilibria exist but only one interior equilibrium is locally
asymptotically stable, then Theorem 3 does not mean that
this locally stable equilibrium must be also globally stable.

According to the definition about the types of interior
equilibria, it is easy to see that if an interior equilibrium
(x*,y*) is a HP, then it must be locally asymptotically
stable. In general, three possible situations have to be
considered. Firstly, for the situation with only one interior
equilibrium, we have the result:

Result 2. (i) For ;>x" and §> V', only one interior
equilibrium must exist, and it is unstable since it is a CP

. dy —1dy . N (i R
with (d—fY(LT)) d—?x(L;) > 1 (see Fig. 3a); (i) for £>x" and £<)/,
or <x’"and %> V', if there is only one interior equilibrium,

then, about this interior equilibrium, we must have
%(LT) =%(L§), i.e., it must be unstable (see Fig. 3b, 3c);
and (iii) for ;< x’ and §< V', if only one interior equilibrium
exists, then it must be globally asymptotically stable since

at this interior equilibrium we must have (%( L*))*1 %( 1< 1
1 2

(see Fig. 3d—f). It is necessary to point out that if a MP
exists, then it must be unique and must be asymptotically
stable since a MP satisfies x* <2 and y* <£, and the two
non-trivial boundaries are unstable if MP exists.

Secondly, for the situation with two interior equilibria,
we have the result:

Result 3. (i) For £>x" and £<)’, or £<x" and £> y/, if there
are two interior equilibria, then one of the interior equilibria
is a HP and the other one a CP, where the HP is locally
asymptotically stable, but the CP is unstable since at the CP

the inequality (%(LT))*1 %(L3)>1 holds (see Fig. 4a, b); and

(i) for z<x" and §< V', if there two interior equilibria, then
one of the interior equilibria is a HP and the other one the

interior equilibrium with (@ )l d =1, where the HP is

dx(zp))  dx(r%)
globally asymptotically stable, but the later is unstable (see
Fig. 4c, 4d).

Finally, for the situation with three interior equilibria,
we have the result:

Result 4. For z<x" and §< y', if there exist three interior
equilibria, then two of them are HPs, and another one a
CP, where the HPs must be locally asymptotically stable
but the CP is unstable since at the CP the inequality
dy -1d .

(d—i(Ll,,)) d%(Lz*)>1 holds (see Fig. 5).

The above results show that if an interior equilibrium is a
HP or a MP, then it must be locally asymptotically stable;
and if an interior equilibrium is a CP, then it can be stable
or unstable.

3. Summary

May (1973) pointed out that for population models in
deterministic environments, with the environmental para-
meters all well-defined constants, one is interested in the
community equilibria where all the species’ populations
have time-independent values, that is where all net growth
rates are zero. Such an equilibrium may be called stable if,
when the populations are perturbed, they in time return to
their equilibrium values; the return may be achieved either
as damped oscillations or monotonically. In this paper,
following Hernandez (1998) and Zhang (2003), the stability
of a simple two-species system with transitions between
population interactions is investigated. Our main goal is to
show the effects of transitions between different population
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interactions on the two-species coexistence, and on the
stability conditions of the multiple equilibria.

In Eq. (1), the inter-specific interactions are dependent of
the system state, and it offers the possibility of a change in
the kind of inter-specific interactions due to the variation in
population densities, i.e., a —cy>0 (a — cy<0) if y<¢
(¥y>9, and b—dx>0 (b dx<0) if x< (x>d) Three
possible kinds of inter-specific mteractlons are defined as:
(i) competition if y>¢and x> g, “(—, —)”; (i) mutualism if
y<4% and x<§, “(4,4)”; and (iii) host—parasite (prey—
predator) if y<¢ and x>2, “(+,—)”, or if y>% and x<§,
“(=,+)".

Eq. (1) has three boundary equilibria, which are (0,0),
(% 0) and (0, %), where (0,0) is called the trivial boundary
equilibrium and it must be unstable. For the non-trivial
boundary equilibria (f,0) and (O,%), Theorem 1 shows that
(7 0) is locally asymptotically stable if and only if
R+ 4(b—")<0, and, similarly, (0,%) is locally asymptoti-
cally stable if and only if r +£(a — %) <0. Obviously, if
<Xy (r +29) and d<(%)’(R+2), then both two non-
trivial boundary equilibria must be unstable. As a
special case, if ¢ =0 and d =0, then the inter-specific
relationship is mutualistic symbiosis, “(+,+)”, for all
possible x>0 and y>0. This implies that when one of
two populations is at low density but the other at high
density, i.e., when the system state is near a non-trivial
boundary equilibrium, mutualism will be useful for
preventing the exclusion of the rare species. But this does
not mean that the stability of a two-species coexistence
equilibrium depends only on the stability of the non-trivial
boundary equilibria.

For Eq. (1), on the x—y phase plane, L, represents the
isocline for dx/dr =0, and L, the isocline for dy/d¢r = 0.
The slopes of the two zero isoclines L; and L, at an interior

equilibrium (x*,y*) are denoted by dv(L,,) and ¢ dx(L*),

respectively. According to the signs of 4 and ¢

o ax(Ly) dx(L*)’
three possible types of the interior equilibria are defined as:

(1) CP, if both & x(Lr) and & L) are negative; (ii) MP, if both

%(L* and & 2 L*) are positive; and (iii) HP, if d}Y ) >0 and
%(L* <0, or 1de(L,, <0 and 4 dY(L,, >0. In Eq. (1) at most

three interior equlhbrla can exists, i.e., the existence of
multiple equilibria is possible (see Result 1 in the subsection
2.3). From the Theorem 2, an interior equilibrium is locally

1dy
ax(Ly) <L

) and

>0(dv(L*)<0) if x* <2d (x* >2d) Thus, if an interior

asymptotlcally stable if and only if (dx(L*))_

Notice that ¢ e (L* >0 (dx(L* <0) if y* <5t (v* >

dy
dx(L*

equlhbrlum is a HP, or a MP, then it must be locally

asymptotically stable, and if it is a CP, then it can be stable
or unstable (see Results 2—4 in the subsection 2.3). Finally,
for the existence of periodic solutions in Eq. (1), the
Theorem 3 shows that it is impossible.

However, the inter-specific relationship is always one of
the most important theoretical topics in population and
community ecology. In nature, the complexity of the inter-
specific relationship should be very important for the
coexistence of multiple species. In this paper, we consider
only a very simple theoretical model with the possibility of
switching from one kind of inter-specific interaction to
another, i.e., undergoing transitions between different
interactions, due to the variation in population densities.
For Eq. (1), the results about the stability of boundary
equilibria strongly support Zhang’s (2003) opinion, i.e.,
mutualism will promote the two-species coexistence. This
result implies that the evolution of mutualism may
contribute to the multiple species coexistence and stability
of ecosystem, and that mutualism may be favored by
natural selection.

Appendix A

For the situation with R+ 7(b —
Eq. (1) can be approximated as

) = 0, around (£,0)

dx

X e s

T rx + (%, ),

dy A A

Z_y 1
T (%,9), (19)

where ¥ =x —f—%, y =y, and

DR _ _ e AAQ_@A3_EWAA
(. 5) = —k&* —akp ky XY=V g (X, 9)s
. adr Ra)\ ., dr Rk\ ..
Y(X,p) = <K+ R +T)y - (?—i_ p > Y
da a*d
A2 A ) ~3

From the center manifold theory (Carr, 1981), there exists
a local center manifold X =/A(p) with A(0)=0 and
H'(0) =0, i.e., h(p) can be expressed as

hB) = hp* + had® + had* - - (1)

Notice that x = h(p) satisfies
— }"Z hj}’y + @(Z h]']/;‘],),}>
= =2
= (Z jk,ﬂ1> 4 <Z h_,f/,ﬁ>, (22)
= =2

i.e., the coefficients /,,hs,hy,... can be determined by
Eq. (22). From Egs. (19) and (20), the solution on the local
center manifold satisfies the equation

dy adr  Ra\ ,, A
—=—(K+—5+— Y(h . 2
~ ( +R2+r)y+ (3. ) 23)

Since K +’;§' + R“>0 the boundary equilibrium (,0) is
unstable if R + k(b 'd) =0.
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Appendix B

For the situation with

—1
dy dy

- - =1, 24
(dxap) dX(L;) 24)

i.e., one of the eigenvalues of the Jacobian matrix J is
zero and the other one negative, notice that about (x*, y*)
Eq. (1) can be approximated as

dx . . o n

T AX+ By + F(%,)),
dy
dr
with AD — BC = 0, where X = x — x*, p =y — y*, and

A= —kx*,

-1
B = kx* (d_y > ,
dx(LT)

= CX+ Dy + G(%,p), (25)

Ldy
C=
K as dX(L*
D= —Ky", (26)
and
F(&,3) = — k& + (a = 200")%p — ex™* — e’
B
_7'\2_ kA2 2 as ARD
—x*x cxTy —+—y*xy cxy”,
G(x,p) = —dy*x 24— 2dx*)xp — Ky —ds? P
D C
= —dy' ¥+ =P+ — & — dEFP. (27)
v »
Thus, the transformation
X=A4y— Cx,
y=(4+D)y-3%,
t=(4+ D)t (28)
implies that
dx _ AG(%,)) — CF(X,))
dr A+ D
= F(X,)),
dj _ o DGE.3) + CF(%5)
dr Y A+ D
=J+ G, p), (29)
where X = % and p = ;B) Similarly to the analysis in

the proof of Theorem 1, there exists a local center manifold

y=hx) = Zfiz hj% with 7(0) = and /'(0) = 0, and /(%)
satisfies

h(%) + G(X, h(%)) = I (R)F(X, h(%)). (30)
On this manifold, we have

% — (% () = 2 + o), (31)

where
AD?
x=(4+ D) <—7 dy* + ch*). (32)

If —AC—%Z dy* + Cex* = 0 holds, then we have
—Kd(a — 2cyx) = (b — 2dx*)*. (33)
Notice that AD — BC =0, i.e.,

K’ Ke
— ¢ *\3 —
(a—2cy") 7
Kz
(b —2dx*)* = k 2 d, (34)

and that Eq. (2) can be expressed as
12 * aZ
(a cy ) C(}’ kx™ + 4C>’

2
(b — 2dx*)? = 4d(R Ky* +i’ d) (35)

Then, we must have

3(a — 2¢p%)? _r a_2 b

4ck k' 4ck 2d°
3b—2dx*) R b o«

4dK K 4dK  2¢° (36)
i.e., it also implies that
ro@ b3k
k 4ck 2d 4 cd2 ’
R B a 3(k\"
Fm—zzz(ﬁ) ’ (37)
and
4¢ (R b a\> r & b
o) = 38
3k<K+4dK 2c> k4 24 38

Thus, if —45"dy* + Cex* = 0 holds, then y = &3(& + [ —

2—(,) in Eq. (6) that means p =0 and § = 0 in Eq. (11), i.e.,
A =0 in Eq. (13). This implies that Eq. (2) should have a
unique real root. But this contradicts that two parabolas L,
and L, have at least two interactions. Thus, we have a#0,

i.e., an interior equilibrium (x* »*) is unstable if

—1dy _
(d‘c(L*)) dx(L* =1

References

Addicott, J.F., 1979. A multispecies aphid-ant association: density-
dependence and species-specific effects. Can. J. Zool 57, 558-569.
Addicott, J.F., 1981. Stability properties of 2-species models of mutualism:

simulation studies. Oecologia 49, 42-49.
Carr, J., 1981. Applications of Center Manifold Theory. Springer,
New York.



B. Zhang et al. | Journal of Theoretical Biology 248 (2007) 145-153 153

Cushman, J.H., Addicott, J.F., 1991. Conditional interactions in ant-
plant-herbivore mutualisms. In: C.R. (Ed.), Ant-Plant Interactions.
Gibert, L.E., 1983. Coevolution and mimicry. In: Futuyma, D., Slatkin,
M. (Eds.), Coevolution. Sinauer, Sunderland, MA, pp. 263-281.

Gillman, M., Hails, R., 1997. An Introduction to Ecological Modelling:
Putting Practice into Theory. Blackwell Scientific Publications, Oxford.

Hernandez, M.J., 1998. Dynamics of transitions between population
interactions: a nonlinear interaction o-function defined. Proc. R. Soc.
London B 256, 1433-1440.

May, R.M., 1973. Stability and Complexity in Model Ecosystem.
Princeton University Press, Princeton.

May, R.M., 1981. Models for interacting populations. In: May, R.M.
(Ed.), Theoretical Ecology: Principles and Applications, second ed.
Sinauerm, Sunderland, MA, pp. 78-104.

Murray, J.D., 1993. Mathematical Biology, Second, Corrected Edition.
Springer, Berlin.

Neuhauser, C., Fargione, J.E., 2004. A mutualism-parasitism continuum
and its application to plant-mycorrhizae interactions. Ecol. Model
117, 337-352.

Phillips, D.S., Legget, M., Wilcockson, R., Day, T.H., Arthur, W., 1995.
Coexistence of competing species of seaweed flies: the role of
temperature. Ecol. Entomol. 20, 65-74.

Wahl, M., Hay, M.E., 1995. Associational resistance and shared doom:
effects of epibiosis on herbivory. Oecologia 102, 329-340.

Wolin, C.L., Lawor, L.R., 1984. Models of facultative mutualism: density
effects. Am. Nat. 124, 843-862.

Zhang, Z., 2003. Mutualism or cooperation among competitors promotes
coexistence and competitive ability. Ecol. Model 164, 271-282.



	Stability analysis of a two-species model with transitions �between population interactions
	Introduction
	Model and analysis
	Basic model
	Boundary equilibria
	Interior equilibria

	Summary
	References


